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1. INTRODUCTION

The Horvitz-Thompson [4] estimator (HTE, in brief) and its
variance [V(HTE), say]-expressions do not involve.the sample-size
in an explicit manner and undesirably, the latter may not generally
decrease monotonically with the sample-size. . A sufficient condition
for V(HTE) to decrease with increasing sample-size is noted and
checked in respect of a few sampling schemes. Further, we specify a
class of sampling schemes for which this requirement is fulfilled dnd’
suggest a method of choosing the approprlate sample-size for a design

_on which to base an HTE. - :

2. NOTATIONS AND THE RESULTS

Suppose we want to estimate a finite population total on the
basis of a sample chosen according to some suitable sampling scheme
by using the HTE. ~Denoting the inclusion-probabilities of the first
two orders for a chosen design by 7, Ti;’s respectively and by Y; the
value of a real-variate y assumed on the ith unit of a finite population
of N units we have for any sample s actually drawn, the expressions

_for HTE for population total Y=2 Y, and V(HTE) as respectively

. Y,,: - .
e=e(s)= ) = 21

ics .
and V()= L Y 2( )+22 YY,( i 1) @)

In the spemal_cases when the’ samplmg design is restricted to
have a constant effective sample size v (say), we shall denote a sample
by s (v) and the inclusion-probabilities by m; (v), 74; (v)* and HTE
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and V' (HTE) by

tes(v)
V(e(v))=V(v)=’E Z {my(v) m;(v)—my (v)}( m}(’;)—- %) : (2.3)
i<j )

the formulae (2.2) and (2.3) being due to Horvitz-Thompson [4] and
Yates and Grundy [10].

Our main concern here is to study the behaviour of V(HTE)
with change in sample-size (and/or effective sample-size and/or
everage effective sample-size). If we consider Poisson sampling
scheme (vide Hajck [3)),

then we have

VHTE)=}) Yﬂ(—;; —1 )

Here average effective sample-size is
N

E n;=E (v(s)), say.

i=1 i
If we are ready to increase E(v(s)), then we can do so by increasing
w;’s for every i and thereby achieve reduction in the value of V(HTE).
However, for the method of sampling with probability proportional
to size and with replacement (PPSWR), we have, writing p; for the
normed size-measure of the ith unit, m;=I—(1—p,)* and Ty
=1—(1—p)*—(1 =0+ (1= p;~p)*, n being the sample-size
(number of draws). Here we cannot say if V(HTE) necessarily
diminishes with increasing » or increasing average effective sample-size
which in this case is

N

E(v(s)) = Zn:,-=N— 2(1 ~—pg)®, unless
1

we have knowledge about specific ¥;—values. It is easily verified
that a similar situation obtains if we consider the sampling schemes
due to Rao [7] or due to Seth [8].

Consider now the class of mps designs (with constant effective
sample size) for which
Ty (V)°°Pt (i'='1, 2’-'-1 N)

- o=BE e 52) (G- 2
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From this one can immediately conclude that if a ‘fixed
effective-sample size’ design =ps, then a sufficient condition for ¥(v)
to decrease monotonically with increasing v is that

ti()

increases monotonically with v

for all i, j=1, ..., N (i#j)

Let us now check the condition (2'4) for a few well-known
schemes. First consider the Midzuno [5] sampling scheme suitably
modified to have nps property (vide Chaudhary [1]), so that on the
first draw the ith unit is selected with probability 4, (0<8;<1 i,
2Zg=1) and on subsequent (n—1) draw selections are made with
equal probability without replacement from among the units not’
already chosen. For this scheme we have

Ty (n) np;i= ],;—11_*- %6;

n(n— |
and w5 (1) = I(V ){(Pi +pi)— ‘l}
it being noted that in this case we require to assume that
n—1] ... . .
1W—_I)<p"< ra o (29)

Obviously, the condition (2°4) is satisfied for this scheme and accor-
dingly, ¥V (v) decreases with increasing v. However, because of the -
assumptions (2-5) this scheme has a very limited applicability. So, '
let us consider another wmps scheme considered by Chaudhuri [2]
which is slightly less restricted than the above requiring, however,
that -

n—2
n(N—2)
Chaudhuri [2])

<pi <—nl % i. For this scheme, one has (vide

w; (n)=np;
and
—n) (N—n—1). 2 (1—2) (N—n)
Ty (N)= (N 2) (N—3) w(2)+m(‘]i+%)
(n—2) (n—3)
(N 2)(N-3)

where ‘ = ——F———— M i
. 2( N—n)
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Noting that we may. write
5 (1) _ —1 \ 7is (2)
—nz(")={( e S A

(13),.,, (203

+

it follows that the condition (2'4) may not obtain in this case. In
this case the variance of HTE is vide Chaudhpri (2D

varme— o (3 -v ) (35) (755 a2 (22)8
 w (@) ER)EE-)
o (723) (Y5 ) s (v ) 2 -v)
aal H(752) (75 ) 2 (72
= () (333 )=
)

. d 1 (N—n N—n—1
and %%nz (N—Z)( N—3 }<0

it follows that the behaviour of
. Y; Y; )
Q)| —=—-Y | =+ — ...(2.6
227”()(1’5 )(Pi Y (2.6)
i£j .

will determine if ¥ (HTE) may decrease monotonically with n. '
However, the nature of the quantity (2'6) cannot be known generally

for a sampling scheme unless all the variate-values viz. Y,’s are
known. However, if for the above nps design 7;; (2) is of the form

mi (D=5 (i+B) Lj=1, N G#)

then the scheme reduces to mps Midzuno scheme for which ¥ (HTE)
decreases with increasing n as we have already noted,
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Let us next consider the scheme which is derived by modifying
Rao’s [7] scheme making the lalter wps as was studied in Chaudhuri
[1]. Here, let us write o, (1) as the selection-probability of the i-th

a; (n)
P t—w; (n)
j-th units on the second draw assuming that the i-th unit was chosen
N

unit on the first draw as the seleclion-probability of the

N § 1 '
on the first draw [0<0€i <1, & i,) (n)=l:l and N3 T .as

1 .
the selction-probability of a unit on the r-th draw (r=3, 4, ..., n)
provided it was not selected earlier. Here di(n)’s are so chosen that.

npz—m(n)—N——% V= o; (1) (H—T(n) T.(m) i

. where T; (m= % (nz % T(n)=XT; (n).

From this the value of ¥ (HTE) becomes (vide Chaudhuri [1])
14 (HTE)=-02(n) say,

= (G|(7) 7
el G =i e v =)
{(=5r)f +—‘—z(%f—‘§)(z'$?§)

S ag(n) (————Y) 2Ty (n) o4 (n)(L— Y)
(NS ()
_E T: (n) (})_:__Y) Zatg (1) (p—:_Y)] .

Considering a particular case where
N=4,U=(l, 2,3, 4)

Y, =1,Y,=—1
Y;=Y,=0,
Pi=ps=-17,

p3+ps=.66,0,(2)=0, (2)=.25,
20:=(1+T (2)—T: (2)) % (2)
Ci=1,...,4 .
3pi=3+% @ 3) (LT 3)—T: (3)),
i=1, ..., 4
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we have T,(2)=T, (z);%l

and o ()=13p, (ﬁ )2 13T () e (.2)(%)2

so that
o (2) ot (3):2(%)“ S pi—1—} Ti (2) wi (2))<0.
Thus, o (n) is not necessarily a decreasing function of n.

For this sampling scheme we have -

an(g ) ,12 {es () T5 () + o5 (m) (T; ()}

n—2

tN = (I—a, (1) — o; (n)_) (T; ) +T; (n))

+ ]\’/1_—_—?% (o (m)+a; () {T(n) ~T (;1) —T; ()}

+(1’\§:§ ) (%) {(1— s (n)—aj (1)) — (e (n)
+oj (m) (T (1) —T; ())—T; (n))}]

and it is difficult to conclude generally whether this increases with
increasing n.

So, observing that V(v) may not often show a tendency to
decrease uniformly (i.e. for all ‘variate-values) with increasing v for a
proposed sampling scheme for employing Horvitz- -Thompson method
of estimation we present a particular class of sampling schemes for
whlch in particular the condition (2.4) holds good.

Let us consider the class C (say) of “fixed sample-size’ samphng
designs for which

U2 (v)=—2— m;(2) & i D

ad  wyO=" @ v =L NG

Clearly, for this scheme (2.4) is satisﬁéd and hence V() decreases
with increasing ». Such a scheme may be applied as follows.

Adopting the procedure described by Chaudhuri [2] or otherwise
one may start with a set of =; (2), ;; (2)’s subject to the restrictions
0<m; (2)<1 3 i s (2)=2,
0<m (2)<min {m; (2), =, (2} >+ F; j (i%))
and 2oy (D)=n(2) v i
J#i .
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Then, the relations (I) and (II) above specify the =; () and
7;; (v)’s for a chosen value of ». Finally one may apply the actual
sampling procedures described by Mukhopadhyay [6] or Sinha [9] in
realizing the values of m;(v), =; (v)’s specified earlier, provided they
are self-consistent. For such a scheme we have

V(0)=4(2) —l @—1 B(2) 4 (2.7

7

where ()= Y¥=(2) n,(z)( o n’,%) )

i<]j
s0=L w0 (6~ 5m)
i<j . .
sothat  V(2)=A4(2) -B\2)
and ¥ 0)={4(2)-28 @)+ —B(Q) (2.8)

Now one may use the relations (2.7) and (2.8) in choosing a
suitable sample-size for the class C of sampling schemes in the
following manner.

Supposing that
A L ORY AR Y O\
4@)= EZ ( nid(;) ) (m(Z) B T‘-:—(i))

i<jes(2)

2

and Bo)- EY (n,(z) o 20)
. i<jes(2)

are unbiased estimates of 4 (2) and B(2) available from a preliminary
sample 5(2) selected according to a design with inclusion-probabilities
7, (2), 7i;(2)’s one may proceed to decide on the choice of sample-
size v if one wants to realize a level of efficiency corresponding to a
stipulated value of ¥ () as ¥, (say) by using the formula ,

Vo=A(2)—2B(2) + 723(2)

o= — 2B 29
Vo—4(2)+2B(2)

and taking » as the integer nearest to the right-hand-size expression
in (2.9), provided the denominator in (2. 9) is non-zero.
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SUMMARY

Nothing that the variance of Horvitz-Thompson Estimator may
not decrease monotonically with increasing sample-size for some
sampling schemes a sufficieat condition for this requirement is pointed
out and a simple class of sampling schemes satisfying this condition
is specified. A method of choosing optimal sample-size for Horvitz

Thompson estimation is also suggested in the light of the above .

findings.
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